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1. Introduction 

The well-known theorem of Bernstein and Kusnirenko ( [Bernstein) . [Kushnirenko] , 
[Bernstein-Kusnirenko-Khovanskii) ) on the number of solutions of a system of Lau- 
rent polynomial equations in terms of the volumes of their Newton polytopes, can 
be interpreted as giving a formula for the intersection numbers of divisors in a 
projective toric variety. Khovanskii and Pukhlikov [Khovanskii-Pukhlikov| §1.4] 
observed that the Bernstein-Kusnirenko theorem, in fact, completely determines 
the cohomology ring of any smooth projective toric variety. The key fact is that 
the cohomology ring of a projective toric variety is generated in degree 2. 

The Bernstein-Kusnirenko theorem has been generalized to the representations of 
reductive groups by B. Kazarnovskii [Kazarnovskii] and more generally, to spherical 
varieties by M. Brion }Brion| § 4.1]. Let G be a complex connected reductive 
algebraic group. A normal G-variety X is called spherical^ if a Borel subgroup of G 
has a dense open orbit. Equivalently, X is spherical if the space of global sections of 
any G-linearized line bundle on X, regarded as a G-module, is multiplicity free. Let 
V he a, finite dimensional G-module and X ^ V{V) a closed spherical G-subvariety 
of dimension n. Let L be the line bundle on X obtained by the restriction of 
the anti-canonical line bundle Op(y)(l) to X. The line bundle L is naturally G- 
linearized and one can recover the embedding of X into V{V) from it. The Brion- 
Kazarnovskii formula gives the degree of X in ¥(V) as the integral of an explicitly 
defined polynomial over the moment polytope ^{X,L) f Theorem 13. 2p . The degree 
of X in V{V) is just ci(L)" where ci denotes the first Chern class. 

When G is one of the classical simple groups over C, A. Okounkov [Okounkov] 
associated a polytope A{X, L) to the pair {X, L) such that deg{X) in P(y) is equal 
to n!Vol„(A(X, L)) (where n = dim(X) and Vol„ is with respect to the usual 

1 



Lebesgue measure). The polytope A(X, i) is the polytope fibred over the moment 
polytope of {X, L) with the Gelfand-CetUn polytopes as fibers. Following ideas of 
Caldero jCalderoj . Alexeev and Brion observed that Okounkov's construction can 
be done for spherical varieties of any connected reductive group (Alexeev-Brion) . 
They used it to extend the toric degeneration result in [Kaveh] for G = SP(2n,C), 
to any connected reductive group G. That is, X can be deformed, in a flat family, 
to the toric variety associated to any of these polytopes. Alexeev-Brion-Caldero's 
work relies on the generalization of the well-known Gelfand-Cetlin polytopes for 
GL(?i, C) to any complex connected reductive group. These are the so-called string 
polytopes. Recall that a reduced decomposition S for wq, the longest element in 
the Weyl group, is a decomposition wq — si ■ ■ ■ sn into simple reflections s.^. Here 
N = £{wo) is the length of which is equal to the number of positive roots. For 
a choice of a reduced decomposition for wq and a dominant weight A, one con- 
structs a string polytope As (A) C [Littelmann] . The string polytope has the 
property that the integral points inside it are in one-to-one correspondence with 
the elements of the so-called canonical basis for the highest weight representation 
space V\. For a spherical variety X and a G- linearized very ample line bundle 
L on X, the polytope constructed by Alexeev-Brion-Okounkov is a rational poly- 
tope As{X,L) C Ak X M^, where Ak is the real vector space generated by the 
weight lattice. The projection on the first factor maps this polytope onto the mo- 
ment polytope /i(A, L) and the fibre over each A S fJ-i^X, L) is the string polytope 
As (A). From the above mentioned property of the string polytopes, and using the 
asymptotic Riemann-Roch, it can be seen that 

(1) deg(A,L) -n!Vol„(As(A,L)). 

In analogy with the toric geometry, we call the polytope As (A, L) , the Newton 
polytope of (A, L). 

Unlike the toric case, the cohomology ring of a projective spherical variety, in 
general, is not generated in degree 2 (for example the Grassmannian of 2-planes in 
C^). Let A denote the subalgebra of the cohomology ring of a projective spherical 
variety X generated by degree 2 elements. In this note, we use the Alexeev-Brion- 
Okounkov formula ^ for the degree, to we give a description of the graded algebra 
A, provided that this subalgebra satisfies Poincare duality. This description is in 
terms of volume of Newton polytopes (Theorem 15. ip . It is a direct generalization 
of the Khovanskii-Pukhlikov description of the cohomology ring of a smooth pro- 
jective toric variety { [Khovanskii-Pukhlikov] ) . It will follow from a general theorem 
in commutative algebra which asserts that certain algebras can be realized as a 
quotient of the algebra of differential operators with constant coefficients (Theorem 

EH)- 

Let A be a projective T-toric variety and L a very ample T-linearized line bundle 
on X. A nice property of the Newton polytope map L ^ A(A, L) in the toric case 
is the additivity. Namely if Li,L2 are two very ample T- linearized line bundles 
then 

A(A, Li L2) = A(A, Li) -f A(A, L2). 

This implies that the formula ([T]) extends to give a formula for the product of 
Chern classes of n line bundles as the mixed volume of the corresponding Newton 
polytopes. 
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Let us go back to a projective spherical G- variety X. To investigate the analogy 
with the toric case more closely, in Section 2] we address the question when the map 

L^^ As(X,L) 

is additive i.e. 

As(X,Li®L2) = As(XLi) + As(X,X2), 
where Li and L2 are very ample G-linearized line bundles and the addition is 
the Minkowski sum of convex polytopes. For this, we discuss the additivity of 
the moment and string polytopes separately. We see that in general neither one is 
additive. Although we show that when X is a symmetric variety and the restriction 
of L to the open orbit is trivial, then the moment polytope map is additive (Theorem 
1331), that is 

^Ji{X, Li ® L2) = ^i{X, Li) + n{X, L2). 

On the other hand, for G = GL(n, C), SP(2n, C), SO(n, C) (or a direct product 
of them) and their Gelfand-Cetlin polytopes (as defined in |Bernstein-Zelevinsky| ) 
the map A 1— > A(A), is additive. From this the additivity of As(X, L) follows for 
symmetric varieties of the above classical groups (or a direct product of them). 
An interesting class of examples of symmetric varieties are compactifications of 
reductive groups. 

It is well-known that the cohomology ring of the complete flag variety G/B is 
generated in degree 2. Thus our result in particular gives a description of the 
cohomology ring of G/B in terms of the volume of polytopes fCorollarv 16.21) . It 
is interesting to note that this way, we arrive at analogous descriptions for the 
cohomology rings of toric varieties and the flag variety G/B. This description of 
the cohomology ring oi G/B coincides with Borel's description via a theorem of 
Kostant [Kostantj . It states that if P is the polynomial which is the product of 
equations of the hyperplanes perpendicular to the roots, then the ideal of differential 
operators / which annihilate P is generated by the VF-invariant operators. 

In [Calderoj . Caldero gives a flat degeneration of the flag variety G/B with line 
bundle L\ (corresponding to a dominant weight A) to the toric variety Xq with 
line bundle Lq corresponding to the polytope As(A). Since the Hilbert polynomial 
is preserved in a flat family, the degree of Lx and the degenerated line bundle 
Lo are the same. This provides a geometric visualization for the similarity of 
our description of the cohomology rings of G/B and toric varieties. Note that in 
general the cohomology ring is not preserved under a flat degeneration, and also 
the toric variety corresponding to a string polytope (in particular a G-C polytope) 
typically is not smooth. As mentioned above, for a spherical variety X and a 
very ample G-linearized line bundle L, the toric degeneration to the toric variety 
As(X, i) has been constructed in [Kavehj (in the special case of G = SP(2n,C)) 
and |Alexeev-Brion| (in general). 

This note is closely related to |Guillemin-Sternberg| . 

Few words about the organization of the paper: Section [5] discusses a com- 
mutative algebra theorem which realizes certain algebras as quotients of algebra 
of differential operators with constant coefficients. Section [3] discusses the Brion- 
Kazarnovskii formula for the degree of a projective spherical variety, string poly- 
topes and Okounkov's polytope. Section |4] addresses the question of additivity of 
the moment and string polytopes and proves the additivity of the moment polytope 
for symmetric varieties. The main theorem appears in Section[5]and finally Section 
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[S] discusses the examples of toric varieties and flag varieties. 

Acknowledgment: The author would like to thank A. G. Khovanskii, E. Mein- 
renken and V. Tiniorin for several helpful discussions. Also thanks to M. Brion 
and W. Fulton for their useful comments and pointing out errors in the previous 
versions. 

2. A THEOREM FROM COMMUTATIVE ALGEBRA 

Let A be a finite dimensional graded commutative algebra over a field k of 
characteristic zero. In this section we prove the following fact: if A is generated 
by Ai, the subspace of degree 1 elements, and satisfies few good properties, then 
the algebra A can be described as a quotient of the algebra of differential operators 
with constant coefficients on the vector space Ai. 

We will use this theorem to give a description of the cohomology subalgebra 
of a projective spherical variety generated by elements of degree 2, provided that 
this algebra satisfies Poincare duality. This theorem is implicit in the work of 
Khovanskii-Pukhlikov ^Khovanskii-Pukhlikov) . There is also a version of it for zero- 
dimensional local Gorenstein algebras (see lEisenbudl Ex. 21.7]) 0- For the sake of 
completeness we give a proof of this theorem. 

Theorem 2.1. Let A be a commutative finite dimensional graded algebra over a 
field k of characteristic zero. Put A = ®"^o where Ai is the i-th graded piece 
of A. 

Suppose the following conditions hold: 

(i) A is generated, as an algebra, by Ai . 

(ii) Ao^An = k. 

(iii) The bilinear k given by {u, v) H> uv is non- 
degenerate for all i — 0, . . . ,n. 

Let {ai, . . . ,ar} be a basis for Ai and P : k^ ^ k be the polynomial defined by 
P{xi, . . . ,x„) = {xiSLi + • • • + x^ar)" G An = k. Then A, as a graded algebra, is 
isomorphic to the algebra k[ti, . . . ,tr]/I, where I the ideal defined by 

/ = {/(ti,...,t,) |/(/-,..., A).p = o}, 

ox I OXr 

and f{d/dxi, . . . ,d/dxr) is the differential operator obtained by replacing ti with 
d/dxi in f . 

Proof. It is straightforward to see that / is indeed an ideal oik[ti, . . . ,tr\. Next, con- 
sider the surjective homomorphism $ : fc[ti, . . . , tr] A given by / i— > /(ai, . . . , ar) 
where 

f{t^,...,tr)= C/3i,...,/3,t/^ •••^/'■ 

/3l,■■■,/3. 

is a polynomial in ti , . . . , and 

/(ai,...,ar) = ^ c/3i,...,/3,ai'='i ■ • •ar'''-. 



^The conclusion of our Theorem l2.1l is stronger than the conclusion of [Eisenbudl Exercise 21.7] , 
but the latter is true for the more general class of zero-dimensional local Gorenstein algebras. 
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We wish to prove that ker($) = /. Note that from the definition, both / and ker(<i>) 
are generated by homogeneous elements. From the definition of the polynomial P 
we have: 

r 

P{xu...,Xr) = (^a;,ai)" 

1=1 

Cki H \-a^—n 

with Ua, a — — — r- Let 

f{ti,...,tr)= Cp,,_pM^'---tA 

be a homogeneous polynomial of degree n. One can see that 
d d 



Thus . . . , • P = if and only if /(ai, . . . , ar) - 0. Next, let 

be a homogeneous polynomial of degree m < n. Suppose /(ai, . . . , ar) ^ 0. By 
assumption (iii), there exists a homogeneous polynomial g{ti, . . . , t^) of degree (n — 
m) such that ^(ai, . . . , ar)/(ai, . . . , ar) ^ 0. Since gf is a homogeneous polynomial 
of degree n, by what we proved, {gf){d/dxi, . . . , d/dxr) ■ P ^ which implies that 
•^(afl' ■ • ■ ' sf~) ■ -f 7^ 0- So we showed that f £ I implies / G ker($). Conversely, 
suppose /(ai, . . . , ar) = 0, we have 

Ol H hOr— ^■i;Pl H hPr— ^Ti;pi <Qi ,...,Pr<.OCr 

^ ^ c« f,xr'-^'---x"'-^^ 

(ai-/3i)! K-/3.)! ' 

With 7, = tti — /3i we can write the above expression as 

PlH h^*,.=m 

( E rT^(aiXi)----(ar..)-) 

7iH l-'jr—n—m 

= 0. 

which shows that f E I. Hence we proved that ker($) = / and thus A = 

k[tl,...,tr]/I. □ 

In Section m we take A to be the cohomology subalgebra generated by H'^{X, M) 
where X is a projective spherical variety. For each i, the i-th graded piece At will 
he AnH^'iX,R). 
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3. Degree of a spherical variety 



Let G be a connected reductive algebraic group over C and X a projective spher- 
ical G- variety of dimension n. Recall that a normal G- variety is spherical if a Borel 
subgroup of G has a dense orbit. Equivalent ly, X is spherical if and only if for any 
G-linearized line bundle L on X, the decomposition of the space of global sections 
H^{X, L) into irreducible G-modules is multiplicity free. In this section, we explain 
the formulae for the degree of a G- linearized line bundle L on X in terms of: 1) an 
integral over the moment polytope fJ.{X, L), and 2) the volume of a larger polytope 
lS.s{X,L). For simplicity we will state the theorems for very ample line bundles 
although since Aeg{L®^) = fc"deg(i), it is easily seen that the formulae hold for 
ample line bundles as well. 

Notation: Throughout the rest of the paper we will use the following notation. 
G denotes a connected reductive algebraic group (over C), -B a Borel subgroup of 
G, and T a maximal torus contained in B. The Lie algebra of T and its dual will 
be denoted respectively by t and t*. Let $ = T) C t* be the root system 

with $+ = T) the subset of positive roots. We denote by ai,...,ar the 

corresponding simple roots where r is the semi-simple rank of G. Let W be the 
Weyl group of {G,T), and si,...,Sr & W the simple reflections associated with 
ai, . . . , ar- These generators of W define a length function £ on this group. We 
denote by wq the unique longest element in W. Then N = £(wo) is the number of 
positive roots. Denote by A the weight lattice of G (that is, the character group 
of T), and by A+ the semigroup of dominant weights. Put Ar = A (g)^ K. Then 
the convex cone generated by A+ in Ar is the positive Weyl chamber A^. For a 
dominant weight A € A, the irreducible G- module with highest weight A will be 
denoted by Vx, and vx will represent a highest weight vector for V\. 

3.1. Formula for degree. Let L be a very ample G-linearized line bundle on the 
projective spherical variety X. It gives rise to an embedding X ^ P(V^), with 
V = H'^{X,L)*. In this section we state the Brion-Kazarnovskii formula for the 
degree oi X in f{V). 

Recall that for every projective G-variety X with a G-linearized line bundle L, 
the moment polytope is defined as follows: 

(2) ^l{X., L) = conv(|J{A/fc | muhiplicity of Vx in H^{X, L®^) ^ 0}). 

k 

Remark 3.1. Interestingly, when X is smooth, /i(A", L) coincides with the moment 
polytope (also called the Kirwan polytope) in symplectic geometry jBrion] : since 
L is very ample we have a G-equivariant embedding X ^ ^(V), V = H'^{X, L)*. 
Let K he a maximal compact subgroup of G and choose a ii'-invariant hermitian 
inner product on V. It induces a Kaehler metric on ¥{V) and hence on X. The 
imaginary part of this metric gives a invariant symplectic structure on X. With 
this, X becomes a i^-Hamiltonian manifold. Let 0i, : X — >■ Lie(i4r)* be its moment 
map. Then 

^I{x,L)^<PL{x)nA+. 

Theorem 3.2 (§4.1, [Brionp . The degree of X in P{V) is equal to 




where is the function on the linear span of fi{X,L) defined by 

^<^'^ n {If- 

Here (•, •) is the Killing form, E is the set of positive roots which are orthogonal to 
fi{X,L) and p is half the sum of positive roots. 

3.2. String polytopes. For the sake of completeness, in this section we recah the 
definition of string polytopes for a reductive group G. Some of this recollection is 
taken from jAlexeev-Brion| §1]. 
Consider the algebra 

A = C[Gf 

of regular functions on G which are invariant under the right multiplication by U. 
The group G xT acts on A where G acts on the left and T acts on the right, since 
it normalizes U. It is well-known that we have the following isomorphism of G x T 
modules 

A= V^, 

AeA+ 

where — Vx> is the irreducible representation with highest weight A* = — wo(A), 
and T acts on each via the character A. 

The vector space A has a remarkable basis B — (^a.^), where each bx,^ is an 
eigenvector of T x T C G x T, of weight A for the right T-action. For fixed 
A, the vectors b\^^ form a basis for V^. This basis is the dual basis for the so- 
called canonical basis of Vx which consists of the nonzero bvx^ where b belongs to 
the specialization of Kashiwara-Luszig's canonical basis at q = 1. The basis B is 
called the dual canonical basis. For a reduced decomposition of wq, the longest ele- 
ment of W, one can define a parametrization of B called the .string parametrization 
[Littelmanni Bernstein- Zelevinsky] . Recall that an A^-tuple of simple reflections 

S — (^ii 7 , . . . , SijY ) 

is a reduced decomposition for wo if wo = Si-^Si^ •••Si„, A'^ — £{wa). The string 
parametrization associated to S is an injective map 

Ls:B^A+x N^, 

tC^A^^) = (A,ti, . . . ,tjv), V&A,0 e 
The string parameters have to do with the weight of a basis element as an eigen- 
vector for the T x T-action. Namely, the weight of bx,4, G B for the right T-action 
is equal to A and its weight for the left T-action is 

-A -I- tiai^ H h tNUi^. 

A remarkable theorem of Littelmann [Littelmannj describes the image of the 
string parametrization is: it is the intersection of a rational convex polyhedral 
cone C of Ar X with the lattice A x Z^. 

Definition 3.3. The string polytope As (A) is the polytope in obtained by 
slicing the cone C at A, that is 



As(A) = {(ti,...,tAr) I (A,ti,...,iAr) eC}. 
7 



Note that: 1) As(A) is defined for any A e A^. 2) From tfie definition it follows 
that As(fcA) = fcAs(A) for any positive integer k. By what was said above, when 
A is a dominant weight, the lattice points in As(A), i.e. the points in As(A) n Z^, 
are in bijection with the elements of the basis b\^^ for (and hence in bijection 
with the basis for V\). Thus, 

(3) #(As(A)nZ^) =dim(yA) 

Let vx S Va be a highest weight vector and Px the parabolic subgroup associated 
to the weight A, that is, Px is the stabilizer of the point [vx] G P(Va). Then we 
have an embedding i : G/Px ^ ^{Vx), given by gPx >-> g ■ [vx]- Let Lx be the line 
bundle on G/Px induced by this embedding, i.e. Lx = i*{0{l)). It is well-known 
that for A; > 0, we have H°{X,Lf') ^ V^x as G-modules. Put n = dim(G'/PA). 
From dn]) we can find the degree of G/Px, as a subvariety ofP{Vx), as follows: 

A (r/P r ^ 11- dimH"(G/P,£,^'-) 
deg{G/Px,Lx) = n! hm — , 

dimiVkx) 



n 



n 



! lim , , 

, j.^^ #(fcAs(A)nz^) 



(4) = n!Vol„(As(A)). 

Remark 3.4. The Gelfand-Cetlin polytopes jGelfand-Cetlin|[Bernstein-Zelevinsky| 
are special cases of the string polytopes. More precisely, let G = GL(n,C). The 
Weyl group is = Sn+i- Let us take the nice reduced decomposition 

Wo = (si)(s2Sl)(s3S2Sl) • • • (S„S„_1 • • • Si) 

for wq, where Si denotes the transposition exchanging i and i + 1. Then As(A) co- 
incides with the well-known Gelfand-Cetlin polytope corresponding to A. Similarly, 
when G — SP(2n,C) or SO(n,C), for a similar choice of a reduced decomposition, 
one can recover the Gelfand-Cetlin polytopes as the string polytopes [Littelmann] . 

3.3. Degree as volume of a polytope. The formula for the degree of {X, L) in 
Theorem 13.21 can be interpreted as the volume of certain polytope As(X, L). Fix 
a reduced decomposition S for wq. The polytope /!^s{X,L) is a rational convex 
polytope in Ar x R^. The first projection p : Ar x Ar maps As(Ar, L) 

onto the moment polytope iJ,{X,L) and the fibre of p : As{X,L) i.i{X,L) over 
A G m(^) L) is the string polytope As (A). We call As(X, L) the Newton polytope of 
{X, L, S). The Newton polytope has the property that for all non- negative integers 
k: 

(5) #(fcAs(X, L) n (A X Z^)) = dimH°{X, L®^). 

For a rational convex polytope A C R*^, the function k ^(/jAnZ*^) is called the 
Ehrhart function of A. Equation ([5]) implies that the Ehrhart function of As (AT, L) 
coincides with the Hilbert function of {X,L). As in ([l]), it follows that 

Theorem 3.5 (Remark 3.9 fiii) |Alexeev-Brion] ) . Let X be a projective spherical 
variety of dimension n and L a very ample G-linearized line bundle on X . Then 

deg(X,L) = n!Vol„(As(X,L)), 

where Vol„ is the n-dimensional Lebesgue measure in the subspace spanned by the 
Newton polytope As(X, C Ar x and normalized with respect to the lattice 



A X Z^, i.e. the smallest volume of a parallelpiped with vertices in the lattice A x 
is 1. (If dim{As{X , L)) < n, its n-dimensional volume is 0.) 

4. Additivity of moment and string polytopes 

Let X be a projective spherical variety, and L a very ample G-linearized line bun- 
dle on it. In this section we investigate the additivity of the maps which associate 
to L its moment polytope 

L H> iJ,{X, L), 

and its Newton polytope 

L^As(X,L). 

(As before S is a fixed reduced decomposition for the longest element Wq.) Namely, 
if Li and L2 are two very ample line bundles on X we wish to investigate whether 

(6) n{X,Li^L2)= fi{X,Li)+f^{X,L2), 
or 

(7) As(X, ii ® L2) = As{X, Li) + As(X, L2), 

where the addition in the righthand side is the Minkowski sum of convex polytopes. 
In turns out that the additivity of the moment polytope map, and consequently the 
Newton polytope map, in general is false. But we will show that it holds in some 
important cases: 1) toric varieties, and 2) symmetric varieties and line bundles 
which restrict trivially to the open orbit. (This in particular includes the group 
compactifications.) The additivity of the moment polytope for toric varieties has 
been known while the corresponding result for symmetric varieties seems to be new. 
The degree map 

i^deg(X,L) = ci(L)", 

extends to a polynomial of degree n on the vector space Pic(X)(8)zIR- The additivity 
in the toric case leads to a nice description of the degree function on Pic{X) (g) ffi 
as follows. 

The semigroup of convex polytopes in M" with respect to the Minkowski sum 

has the cancellation property. Hence it can be extended to a (real) vector space 
consisting of the virtual polytopes which are the formal differences of convex poly- 
topes. Let V denote this vector space. One knows that the volume as a function 
on the space of polytopes extends to a polynomial function on the vector space V. 
Thus the volume function is also called the volume polynomial. Let us say that 
two polytopes Ai, A2 are equivalent, and write Ai ~ A2, if Ai can be identified 
with A2 by a translation in K". It is easy to verify that the equivalence relation 
~ extends to an equivalence relation on the vector space V respecting the vector 
space operations. 

The moment polytope fi{X, L) depends on the T-lincarization of L. For different 
T- linearizations of L the moment polytopes are equivalent. Thus, by additivity, the 
map L !->■ ii{X,L) induces a linear map /u : Pic(X) (8)z M — > V/ '~. Now by the 
Kusnirenko theorem, 

dcg(X,L) = n!Vol„(/x(X,L)). 
It follows that the degree polynomial 

deg : Pic(X) ^> Z, deg(X, L) = ci (L)" 

is the composition of the linear map with the volume polynomial. 
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Below we discuss the additivity for the moment polytope. At the end of the 
section we wih address the additivity of the string polytopes. We observe that 
the Gelfand-Cethn polytopes for classical groups, which are the classical and most 
important examples of the string polytopes, are indeed additive. From these we 
then conclude the additivity of the map L h- !■ As(X, i) in some important cases 
(Corollary HSl). 

An important example in which the moment polytope is additive is the class of 
toric varieties. 

Theorem 4.1 (Additivity of the moment polytope for toric varieties). When X is 
a projective toric variety the moment polytope map is additive (in the sense of (^). 

Proof. Let S be the fan of the toric variety X with S(l) the collection of one- 
dimensional cones in S. For p G S(l) let Up denote the smallest integral vector 
along p (i.e. the primitive vector on p). Also let Dp denote the irreducible divisor 
which is the closure of the codimension 1 orbit corresponding to p. It is well- 
known that every (Cartier) divisor _D on X is equivalent to a linear combination 
5I]pes(i) o.pDp- Note that D — X]pes(i) '^p^p T-invariant and hence its 
corresponding line bundle L{D) has a T-linearization. Moreover, if D is 
very ample then the moment polytope of the T-linearizcd line bundle L ~ L(D) is 
given by the following inequalities: 

(8) fi{X, L) = {m I (m, Up) > -Op, Vp £ S(l)}. 

Now for i = 1,2, let Di = X]pes(i) "^p^'^p ^® very ample divisors with cor- 
responding line bundles Li = L{Dj) and moment polytopes p,i — fJ-{X, L{Di)) — 
{m I {m,Up) > -api,yp £ S(l)}. Then Di + D2 = I]pes(i)("pi + ap2)^p and 
L — L{Di + D2) ~ Li ® L2. Also the moment polytope ^{X,L) is given by 
{to I (m. Up) > — (cpi -|- ap2), Vp G ^(1)} which is clearly the Minkowski sum of the 
polytopes pi and p2- This proves the theorem. □ 

The following is an example of a spherical variety for which the additivity of the 
moment polytope failsQ 

Example 4.2. Let G = SL(2, C) act on X = CP^ x CP^ diagonally. This is a 
spherical variety. Let V„ denote the irreducible representation of G of dimension 
n + 1 and let u„ be a highest weight vector of Vn- The flag variety G/B ^ CP^ 
embeds in P{Vn) via gB g ■ Vn- Let L„ be the line bundle on CP^ induced by 
this embedding. Then L„ = 0{n). Let tti and 7r2 denote the projection of X on 
the first and second factors respectively. For non-negative integers a and b define 

LaM = 7ri(£a) (g>7r2(Lf,). 

It is a G-linearized line bundle on X for the diagonal action of G. Let us compute 
the moment polytopes fJ,{X, ^2,1), tt^X, ^1,2) and p{X, ia^a) to show that the latter 
is not the sum of the other two moment polytopes. Now 

i?°(X,(L2,i)®') = i/"(Cpi xCP\7ri*(i2fe)®^2*(ifc)) 

= ° (CP\ ^1* (i2fc ) ) «> i? " (CPi, 7r2* (Lfc ) ) 

= V2k «) Vk 

= VkO Vk+2 © ■ • • ® Vsfe. 



This example as well as the additivity of the moment polytope for symmetric varieties was 
suggested to the author by M. Brion. 
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From we obtain that i2,i) is the line segment [1,3]. Similarly fj,{X,Li^2) 
is [1,3]. Finally 



i/0(X,(L3.3)®') = i/°(Cpi xCpi,7r*(i3fe)®^2(^3fc)) 

= if (CPl , TT* (Lgfe ) ) $5 (CPl , TT* (Lsfe ) ) 

= Vo®V2(B...®Vek, 

and thus the moment polytope of (X, L3 3) is the line segment [0,6]. It is obvious 
that, regarded as 1-dimensional polytopes, the Minkowski sum of [1,3] with itself 
is not equal to [0, 6]. 

Now we prove that the additivity of the moment polytope map for a symmetric 
variety X and line bundles which are trivial restricted to the open orbit. One can 
verify that in the above example the line bundles Li, L2 restrict to non-trivial line 
bundles on the open orbit. In other words, Li and L2 do not correspond to any G- 
invariant divisor. For simplicity we now assume G is semi-simple adjoint. Although 
most of the discussion in the rest of this section, with slight modification, holds for 
any connected reductive group. 

A homogeneous space G/H is a symmetric homogeneous space if H is the fixed 
point set of an algebraic involution cr of G (i.e. a is an algebraic automorphism of 
order 2). A G-variety which contains G/H as an open orbit is called a symmetric 
variety. We will only deal with complete symmetric varieties. Symmetric varieties 
are spherical. 

A torus in G is cr-split if for every x in the torus (7{x) — x^^. All maximal cr-split 
tori are conjugate. It is well-known that one can choose a maximal cr-split torus Ti 
and a maximal torus T which is cr- invariant and contains Ti. The action of cr on 
the roots $ — $(G, T) gives a decomposition $ — $0 U $1 where $0 are the cr-fixed 
roots and $1 are the roots which are moved under cr. Fix a set of positive roots 
such that cr($+ n $1) C <I>~ n $1. Let A be the set of simple roots corresponding 
to this set of positive roots. Again write A = Aq U Ai as fixed and moved roots. 
The elements of $1 restricted to Lie(ri) constitute a root system with basis the 
restriction of the elements in Ai to Lie(ri). Let Wi be the Weyl group of this 
restricted root system. 

The variety G/H has a distinguished point, namely xq = eH, the coset of iden- 
tity. The Ti-stabilizer of xq is Ti D H which is finite. Put S = Ti/{Ti D H). 
Then S" is a torus which acts with no stabilizer at xq. We can write Lie(T) = 
Lie(ri) -t-Lie(Ti)^ where Lie(Ti)-'- is the orthogonal complement to Lie(Ti) under 
the Killing form. The orthogonal projection Lie(r) — > Lic(Ti) gives an embedding 
Lie(Ti)* Lic(T)* with image ann(Lie(Ti)^) G Lic(Ti) ] (^,t) = 0, Vt e 

Lie(ri)-'-}. We will identify Lie(S')* = Lie(Ti)* with this subspace. It can be veri- 
fied that under this identification, weights of S go to weights of T, which identifies 
A(S'), the weight lattice of S (respectively its real span A(S')r) with a sublattice of 
A (respectively a subspace of An). One also verifies that under this identification, 
the intersection of each Weyl chamber for T with A(S')r is a Weyl chamber for 
Wi. Moreover, the positive Weyl chamber for T intersected with A(S')r gives the 
positive Weyl chamber for Wi (for the choice Ai of basis roots). 

Let X be a G-equivariant compactification of G/H and let Z = Zx be the 
closure of the S ■ xq m. X . It is an S'-toric variety. One shows that the fan of Z 
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in Lie(S') is Wi-invariant and hence Z is determined by a fan in the fundamental 
domain of W\ acting on A(S')r. 

Theorem 4.3 ( |DeConcini-Procesi) ) . X ^ Z is a one-to-one correspondence be- 
tween the G-equivariant completions of G / H and the complete S-toric varieties 
whose fans are Wi -invariant. Moreover, X is .smooth if and only if Z is smooth. 

Let L be a very ample G-linearized line bundle on X. Moreover, assume that 
the restriction of L to the open orbit is trivial. The following result due to Bifet- 
Deconcini-Procesi shows how the moment maps of {X,L) and {Z,L\z) are related. 

Theorem 4.4 (§12, [Bifet-DeConcini-Procesi] ) . 1) n{X,L) lies in the intersection 
o/Ag, the positive Weyl chamber for T, with A{S)b. (regarded as a subspace of Am). 
In other words, ii{X,L) lies in the positive Weyl chamber for Wi. 2) The Wi-orbit 
of fj,{X,L) coincides with fi{Z,L\z)- 

Theorem 4.5 (Additivity of the moment polytope for symmetric varieties). For a 

complete .symmetric variety X the moment polytope map is additive (in the sense 

ofW- 

Proof. For a dominant weight A let P\ C Ar denote the convex hull of {w.A | w £ 
W}. We need the following lemma. 

Lemma 4.6. For any two dominant weights Ai and A2 we have 

(Pa, n A+) + (Pa, n A+) = (Pa,+a, n A+). 

Proof. Let ai , . . . , and cji , . . . , be the simple roots and the fundamental 
weights respectively. Choose a M^-invariant inner product (•,•) on Ar. Let A = 
c-iOJi, Ci > be a dominant weight. From the definition it follows that the 
polytope (Px n Ag ) is defined by the inequalities: 

(x, a,;) > 0, i = 1, . . . , r 
{x,uji) < a, i = 1, . . . , r 

Now let Ai — Yl^j=i'^^j^ * = 1,2. It is easy to see that the Minkowski sum of 
(Pai n A^) and (P^a n A^) is given by the inequalities 

{x,ai) > 0, i = I,. . .,r 

{x,uji} < cf^+cf\ i^l,...,r 

which is the same inequalities defining the polytope Pa^+a, ^ Ar ■ ^ 

Let Li and L2 be very ample G-linearized line bundles on X. Put Ai = 
n{X,Li), A2 = fi{X,L2) and A = fi{X,Li®L2). We want to show A = Ai + A2. 
Let VFi-A, = A^, i = l,2andVFi-A = A'. ByTheoremSH A; = /i(Z, Lij^), A^ ^ 
Pl{Z,L2\z) and A' = ^(Z, (Li ® i2)|z)- From TheoremO A' = A'^ + A^. Thus 
we need to show that (A'^ + Ag) n A^ = Ai + A2. That is, if for A^ e A^ and 
wi,W2 S Wi we have u>i(Ai) + ■u;2(A2) € Aj,^ then wi(Ai) + ui2(A2) G Ai + A2. 
Now Wi{\i) G Pa; and hence wi(Ai) + W2(A2) G Pai + Pxa = Pxi+Aa- Thus 
wi(Ai) + W2(A2) G Pai+As n A^. From Lemma l46l we conclude that 

wi{\i) + W2{\2) e (Pai nA+) + (PA, nA+). 
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But Xi lies in and thus in Px^ Ci C A^, that is, wi(Ai) + 102 (A2) G Ai + A2 
as required. □ 

Example 4.7. An interesting example of a symmetric variety is a group com- 
pactification. Below we describe the moment polytope of a group compactifi- 
cation. Let tt : G — > GL(T^) be a representation of G. Assume that the map 
TT : G — > P(End(T^)) is an embedding. Such a representation is called projectively 
faithful. Let X^^ — n{G) be the closure of the image of G in P(End(F)). This vari- 
ety is not necessarily normal. It enjoys an action of G x G which comes from the 
standard action of tt{G) x tt{G) on End(V^) by multiplication from left and right. 
This action extends the usual left-right action of G x G on G. Let P^r denote the 
convex hull of the weights of tt. It is a VF-invariant polytope in Ar. 

The restriction of Op(End(y))(l) to X^^ gives a very ample (G x G)-linearized 
line bundle Lt^. The polytope P-^ and ij.{X.,^,L.^) are related as follows. Define 
t : I* ^ t* e t* by 

(9) l{x)^{x,x*), 

with X* — ^wo{x). Then the image of P-^ under l intersected with Aj,^ x Aj^, the 
positive Weyl chamber for G x G, is the moment polytope n{X, L) IKazarnovskii) . 
The above description the moment polytope of a group compactification can be 
found in [Kazarnovskii^ , also the additivity of the weight polytope was noticed by 
Kazarnovskii. 

We end the section with few words about the additivity of the string polytopes. 
From the defining inequalities, it easily follows that the classical Gelfand-Cetlin 
polytopes for G = GL(n,C), SO(n,C), SP(2n, C) (or a direct product of these), 
are additive, that is, A(A + fi) ~ A(A) + A(/i) (see |Bernstein-Zelevinsky| for the 
definitions of these G-C polytopes). But in general this is not true for string 
polytopes. In fact, for a reduced decomposition S, there is a fan Sg such that the 
following holds. 

Lemma 4.8 (Lemma 4.2, |Alexeev-Brion| ) . Two weights A,/i G Aji^ lie in the same 
cone of */ o-nd only if the polytope As (A + fi) is the Minkowski sum of the 
polytopes As (A) and As(/i). 

From the above paragraph and Theorem 14.51 it follows that 

Corollary 4.9. The map L ^ As{X,L) is additive when G is one of the groups 
(C*)", GL(n, C), SP(2ri, C), SO(n,C) (or a direct product of these), and S is the 
nice decomposition giving Gelfand-Cetlin polytopes and finally X is a complete sym- 
metric variety or a flag variety. 

5. Main theorem 

Let X be a projective spherical variety of dimension n. Also assume that sub- 
algebra A generated by Pic(X) (over R) has Poincare duality. We combine the 
formula for the degree (Theorem 13. 5p and Theorem 12. II to give a description of the 
subalgebra A. 

Fix a basis {Li, . . . , Lr} for Pic{X) consisting of very ample line bundles. Every 
spherical variety has a finite number of T-fixed points and it follows from the 
theory of Bialynicki-Birula |Bialyncki-Birula| that X has a paving by (complex) 
affine spaces and hence H'^{X, R) = Pic{X) ®z Then ai = ci(Li), i = 1, . . . , r, 
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is a vector space basis for H'^{X,R). Let P{xi, . . . ,Xr) = (xiai + • • • + x^ar)" G 
H'^"{X,M.) = M, be the homogeneous polynomial of degree n in Theorem 12.11 It 
suffices to know the polynomial P on C From Theorem l3.51 for L ~ ® ■ ■ ■®L^'' 
we have 

P{xi,...,Xr) = (xiCi(ii)H hXrCi(ir))" 

= deg(X,L) 

= n!Vol„(As(X,i)). 



(As usual, S is a fixed reduced decomposition for wq.) From Thcorem l2.1l wc have: 

Theorem 5.1. Let X be a projective spherical variety. Let P be the volume poly- 
nomial on H^{X, M) = Pic(X) ]R defined above. Let xi, . . . ,Xr denote the coordi- 
nates for H'^{X,M.) in some basis. Then, the subalgebra A of H*{X,M.) generated 
by Pic(X) is isomorphic to the algebra R[ti, . . . ,tr\/I and L is the ideal defined by 

I={f{t,,...,tr)\f{^,...,j^)-P = 0}, 

OX I OXr 

where /(gf^, ■ • ■ , gf-) is the differential operator obtained by replacing t^ with d/dxi 
in f. 



6. Examples 

6.1. Toric varieties. Let G = T = (C \ {0})" be a torus. Denote by M and 
N the lattice of characters and one-parameter subgroups of T respectively. There 
is a natural paring between M and N and hence one identifies N with M* . Put 
Mr = M®z^, Nk = N ®z K- Then M ^ TV ^ R". 

Let X a be smooth projective T-toric variety. X is determined by a fan S C N^. 
Let A C Afji be a convex lattice polytope of full dimension n and normal to the 
fan S. That is, the vertices of A lie in M and its facets are orthogonal to the one- 
dimensional cones in E. Every such polytope A determines a line bundle La on X. 
The set of convex lattice polytopes dual to E form a semi-group S-£, with respect to 
the Minkowski sum of convex sets. Let us denote by Vs the vector space spanned 
by iSs over R. The elements of Vs are the virtual polytopes which are normal to E. 
One can identify Vs with R'' where r is the number of 1-dimensional cones in E. 
Recall the definition of the equivalence relation ~ on Ve: for A, A' G 5s, A ~ A' 
if they can be identified by a translation. This extends to virtual polytopes, i.e. 
Ai - A2 - A'l - A^ if Ai A^ - A'l + A2. 

The mapping A i-> La gives rise to a natural isomorphism 

Vs = Pic(X) ®z R = H'^{X, R). 

From the Kusnirenko theorem 

deg(X,LA) -n!Vol„(A), 

The volume function extends to a homogeneous polynomial P of degree n on Vs, 
which we again denote by P. It is well-known that the cohomology ring of a smooth 
projective toric variety is generated in degree 2. From Theorem lS.H we then recover 
the following description of R): 

14 



Theorem 6.1 (Theorem §1.4, jKhovanskii-Pukhlikovj ) . With notation as above, 
the cohomology algebra H*(X,R) is isomorphic to the algebra Sym(V5])//, where 
I is the ideal defined by 

/ = {/ I f{d/dx) ■P = 0}, 
and P{x) is the homogeneous polynomial of degree n on Vs defined by 

P(A) = Vol„(A), 

for any polytope A € 5s . 

One can also recover the usual description of the cohomology ring of a toric 
variety by generators and relations, due to Danilov-Jurkiewicz, from the above 
theorem (see |Tim[ ) . 

6.2. Complete flag variety. Let G be a connected reductive group and let X — 
G/B he the complete flag variety of G. 

We now apply Theorem 15. II to obtain a description of the cohomology ring of X 
in terms of volume of string polytopes. It is interesting to note that in this way we 
obtain analogous descriptions for the cohomology rings of the flag variety and toric 
varieties. 

Let A be a dominant weight and v\ £ Vx he a, highest weight vector. One has a 
map i : G/B — > F{V\), gB ^ g ■ [v\]. Let L\ be the line bundle on G/B induced 
by the map i, i.e. Lx — i*{0{l)). It is known that the map A i— >■ L> extends to an 
isomorphism between Pic{G/B) and A, and consequently an isomorphism between 
H'^{G/B,R) and Ar = A (g) M. Fix a reduced decomposition S for the longest 
element wq £ W. Recall that dcg{X,Lx) = n!Vol„(As(A)) (Section [Qji]) ). It 
is well-known that the cohomology ring H* {G/ B,M.) is generated by H'^{G/B,R). 
From Theorem 15.11 we have the following: 

Corollary 6.2. The cohomology ring H*{G/ B,R) is isomorphic to Sym(AR)//, 
where I is the ideal defined by 

I = {f\ f{d/dx) ■ P = 0}, 

and P is the homogeneous polynomial of degree n on the vector space Ar defined by 

F(A) -Vol„(As(A)) 

for any A G A"*". Moreover, when G is one of the groups GL(n, C), SP(2n, C), 
SO(n, C) (or a direct product of them) and the reduced decomposition S is chosen 
so that the corresponding string polytopes are the Gelfand-Cetlin polytopes, then the 
map A H- As (A) extends to a linear embedding As from Ar to the vector space V 
of virtual polytopes in (where N — AvmiG / B) ). In this case, the polynomial P 
above is the composition of the linear map As with the volume polynomial on the 
vector space V. 

Remark 6.3. For a weight A, by the Weyl dimension formula, we have 
#(As(A)nZ^) = dim(T/A)= n + 



■^If V is a vector space, Sym(V) denotes the dual of the algebra of polynomials on V . 
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and hence 

VolAr(As(A)) = hm = M {X,a)/{p,a), 

hi — ^ CXD ft, 

where p is the half of the sum of positive roots. Notice that for each a, the equation 

{x,a)/{p,a) = 

defines a hyperplane perpendicular to the root a. If P is a product of the equations 
of a collection of hyperplanes perpendicular to the roots, by a theorem of Kostant 
[Kostant] . the ideal of differential operators on Ar which annihilate P, i.e. 

{/ 1 fid/dx) ■p = o} 

is generated by the M^-invariant operators of positive degree. This shows that our 
description of the cohomology oi G/B as a quotient of the algebra of differential 
operators, coincides with Borel's description namely 

H*{G/B,R)=Sym{AM)/I, 

where / is the ideal generated by the W^-invariant polynomials of positive degree. 
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